M. Aouchiche and P. Hansen proposed the distance Laplacian and the distance signless Laplacian of a connected graph [Two Laplacians for the distance matrix of a graph, LAA 439 (2013) 21-33]. In this paper, we obtain three theorems on the sharp upper bounds of the spectral radius of a nonnegative matrix, then apply these theorems to signless Laplacian matrices and the distance signless Laplacian matrices to obtain some sharp bounds on the spectral radius, respectively. We also proposed a known result about the sharp bound of the signless Laplacian spectral radius has a defect.
Introduction
Let G be a simple graph with vertices set V (G) = {v 1 The distance matrix D(G) of G is defined so that its (i, j)-entry, d ij , is equal to d G (v i , v j ) which denotes the distance (the length of the shortest path) between v i and v j . Clearly, the distance matrix of a connected graph is irreducible and symmetric. The eigenvalues of D(G) are given as δ 1 (G) ≥ δ 2 (G) ≥ · · · ≥ δ n (G), where δ 1 is called the distance spectral radius of G.
The transmission of v i is defined to be the sum of the distance from v i to all other vertices in G, denoted by D i , that is,
The transmission is also called the first distance degree [3] . Assume that the transmissions are ordered as D 1 ≥ D 2 ≥ · · · ≥ D n . A connected graph G is said to be k-transmission regular if D i = k for all i ∈ {1, 2, . . . , n}. Let T r(G) = diag(D 1 , D 2 , . . . , D n ) denote the diagonal matrix of its vertex transmissions. M. Aouchiche and P. Hansen [1] introduced the Laplacian and the signless Laplacian for the distance matrix of a connected graph. The matrix D L = T r(G) − D(G) is called the distance Laplacian of G, while the matrix D Q = T r(G) + D(G) is called the distance signless Laplacian of G.
Let G be a connected graph, then the matrix D Q = (q ij ) is symmetric, nonnegative and irreducible. All the eigenvalues of D Q can be arranged as:
is called the distance signless Lplacian radius of G. As the D Q is irreducible, by the Perron-Frobenius theorem, δ Q 1 (G) is positive, simple and there is a unique positive unit eigenvector x corresponding to δ Q 1 (G), which is called the distance signless Perron vector of G.
As usual, we denote by K n the complete graph, by C n the cycle, by S n the star graph and by K a,n−a the complete bipartite graph. In [1] , M. Aouchiche and P. Hansen give the lower sharp bound as δ
In this paper, we obtain three theorems on the sharp upper bounds of the spectral radius of a nonnegative matrix, and apply these theorems to the signless Laplacian matrix to get the known results about the signless Laplacian spectral radius of graphs in Section 2. In Section 3, we present some sharp bounds on the distance signless Laplacian spectral radius of graphs.
2 Three theorems on the spectral radius of a nonnegative matrix
In this section, we obtain three theorems on the sharp upper bounds of the spectral radius of a nonnegative matrix. Then we apply these theorems to the signless Laplacian matrix and obtain the known results about the signless Laplacian spectral radius of graphs. We also proposed a known result about the sharp bound of the signless Laplacian spectral radius has a defect. Proof. Let x = (x 1 , x 2 , . . . , x n )
T be the unit positive vector corresponding to λ(B), then
Moreover, when the equality holds, then the row sums of A are all equal by Lemma 2.1. Conversely, when the row sums of A are all equal, then λ(B) = 2r 1 and λ(A) = r 1 by Lemma 2.1. The equality holds.
Let G be a simple and connected graph. Let A be the adjacency matrix of G and M be the degree diagonal matrix of G. Then B = A + M is the signless Laplacian matrix of G. So we can get the following corollary by Theorem 2.2. 
Lemma 2.5. ([8])
Let A be a positive semidefinite Hermitian matrix, λ 1 , λ 2 , . . . , λ n be the eigenvalues of A where λ 1 ≥ λ 2 ≥ · · · ≥ λ n and a 1 , a 2 , . . . , a n be the entries of the main diagonal of A satisfying a 1 ≥ a 2 ≥ · · · ≥ a n . Then the spectrum of A majorizes its main diagonal, that is,
a i for k = 1, 2, . . . , n, and
Theorem 2.6. Let A = (a ij ) be an n × n nonnegative and irreducible matrix with a ii = 0 for i = 1, 2, . . . , n and row sums r 1 , r 2 , . . . , r n with r 1 ≥ r 2 ≥ . . . ≥ r n . Let B = A + M, where Proof.
. . , x n ) be a positive eigenvector of M −1 BM corresponding to λ(B). We assume that one entry, say x i , is equal to 1 and the others are less than or equal to 1, that is, x i = 1 and 0 < x k ≤ 1 for any k. Let
with equality if and only if x k = x j for 1 ≤ k ≤ n and k = i, and
with equality if and only if x k = x i = 1 for 1 ≤ k ≤ n and k = j.
From (1) and (2), we get
and
Since B is a positive semidefinite Hermitian matrix, then λ(B) ≥ r 1 by Lemma 2.5. Thus λ(B) − r i ≥ 0 and λ(B) − r j ≥ 0. From (3) and (4), we get
Thus we have
Moreover, we can see easily the equality holds if and only if row sums of A are all equal.
In [5] , A.D. Maden et al. obtained the result about the sharp bound of the signless Laplacian spectral radius of G as follows Proposition 2.7. There exists an error about the condition of the equality holds. 
with equality if and only if G is a regular graph and a bipartite semi-regular graph.
Example 2.1. The star graph S n is a bipartite semi-regular with degree sequence {n − 1, 1, 1, . . . , 1} and
, 2n − 2} = 2n − 2. In fact, we know q 1 (S n ) = n for directly calculation. It is a contradiction.
From the proof of Theorem 2.6, we can see the equality holds if and only if G is a regular graph. We correct the error Proposition 2.7 in [5] as the following corollary. 
Then
Proof. When i = 1 or r 1 = r i , it is clearly that the inequality is true and the equality holds if and only if the row sums of A are all equal by Lemma 2.1. We suppose r 1 > r i and 2 ≤ i ≤ n.
. . , x n ) be a diagonal matrix of size n×n. Let B = U −1 AU and note that B and A have the same eigenvalues, then λ(B) = λ(A). Now we consider the row sums s 1 , s 2 , . . . , s n of matrix B.
and for i ≤ l ≤ n, we have
Since A is a nonnegative matrix, then 0 ≤ a ij ≤ N if i = j, where 1 ≤ i, j ≤ n. Thus As x > 1 and r 1 ≥ r 2 ≥ · · · ≥ r n , then for 1 ≤ l ≤ i − 1, 
When equality holds in (5), then (a) (b) hold for 1 ≤ l ≤ i − 1, (c) (d) hold for i ≤ l ≤ n. Thus a ll = M for 1 ≤ l ≤ i − 1, r 1 = r 2 = · · · = r i−1 > r i = r i+1 = · · · = r n and all the non-diagonal elements are equal. Now (i) − (iii) follow.
Conversely, if (i) − (iii) hold, it is easy to show that equality holds.
Similarly, we apply Theorem 2.9 to Q(G) = D(G) + A(G) and note that r i = 2d i for any i ∈ {1, 2, . . . , n}, M = d 1 and N = 1. Then we have 
Moreover, if i = 1, then the equality holds if and only if G is a regular graph; if 2 ≤ i ≤ n, then the equality holds if and only if G is either a regular graph or a bidegreed graph in which
d 1 = d 2 = · · · = d i−1 = n − 1 and d i = d i+1 = · · · = d n .
Bounds on distance signless Laplacian spectral radius
In this section, we present some sharp bounds on the distance signless Laplacian spectral radius by the above theorems and lemmas in Section 2.
From Lemma 2.1, we can get the following result. 
one of the equalities holds if and only if G is a transmission regular graph.
By Theorem 3.2, we show the largest distance signless Laplacian spectral radius of K n , K n 2 , n 2 and C n as follows.
, if n is odd,
, if n is even. D 1 if and only if G is a transmission regular graph. Proof. Denote the spectrum of 
We can easily obtain Theorems 3.6 and 3.7 from Theorems 2.6 and 2.9, respectively. 
Moreover 
Moreover, any equality holds if and only if G has the same value
and the row sum of T r(G)
It is easy to show that T r(G)
is a nonnegative and irreducible n × n matrix with spectral radius δ Q 1 (G). By Lemma 2.1, the desired results hold. 
and 2 is reducible, then any equality holds if and only if there exist the permutation matrix P such that
O n−r , and
, where σ is a permutation on the set {1, 2, . . . , n} which corresponds to the permutation matrix P .
